Preliminaries
By an ordered semigroup (or po-semigroup) we mean a structure (S, ·, ≤) in which the following are satisfied:
(OS1) (S, ·) is a semigroup, (OS2) (S, ≤) is a poset,
In what follows, x · y is simply denoted by xy for all x, y ∈ S. A nonempty subset A of an ordered semigroup S is called a subsemigroup of S if A 2 ⊆ A. A non-empty subset F of an ordered semigroup S is called a left (resp. right) filter of S if it satisfies (b1) (∀b ∈ S) (∀a ∈ F ) (a ≤ b ⇒ b ∈ F ) , (b2) (∀a, b ∈ S) (a, b ∈ F ⇒ ab ∈ F ) , (b3) (∀a, b ∈ S) (ab ∈ F ⇒ a ∈ F (resp. b ∈ F )) .
If F is both a left filter and a right filter of S, we say that F is a filter of S. A non-empty subset F of an ordered semigroup S is called a bi-filter of S if it satisfies (b1), (b2) and (b4) (∀a, b ∈ S) (aba ∈ F ⇒ a ∈ F ) .
A fuzzy subset µ of an ordered semigroup S is called a fuzzy left (resp. right) filter of S if it satisfies: (c1) (∀x, y ∈ S) (x ≤ y ⇒ µ(x) ≤ µ(y)) , (c2) (∀x, y ∈ S) (µ(xy) ≥ min {µ(x), µ(y)}) , (c3) (∀x, y ∈ S) (µ(x) (resp. µ(y)) ≥ µ(xy)) .
If µ is both a fuzzy left filter and a fuzzy right filter, we say that µ is a fuzzy filter of S. A fuzzy subset µ of an ordered semigroup S is called a fuzzy bi-filter of S if it satisfies (c1), (c2) and (c4) (∀x, y ∈ S) (µ(x) ≥ µ(xyx)) .
For any fuzzy subset µ of a set S and any t ∈ [0, 1] the set U (µ; t) = {x ∈ S | µ(x) ≥ t} is called a t-level subset of µ.
A fuzzy subset µ of a set S of the form µ(y) := t ∈ (0, 1] if y = x, 0 if y = x, is said to be a fuzzy point with support x and value t and is denoted by x t . For a fuzzy subset µ of a set S, we say that a fuzzy point x t is (i) contained in µ, denoted by x t ∈ µ, ( [15] ) if µ(x) ≥ t.
(ii) quasi-coincident with µ, denoted by x t q µ, ( [15] ) if µ(x) + t > 1.
For a fuzzy point x t and a fuzzy subset µ of a set S, we say that (iii) x t ∈ ∨ q µ if x t ∈ µ or x t q µ,
where k is an arbitrary element of [0, 1).
Bi-filters based on fuzzy points
In what follows, let S be an ordered semigroup and let k denote an arbitrary element of [0, 1) unless otherwise specified. For a fuzzy subset µ of S, we consider the following three items:
Lemma 3.1 ([6] ). For a fuzzy subset µ of S and t ∈ ( 1−k 2
, 1], the nonempty level t-subset U (µ; t) of µ satisfies conditions (b1) and (b2) if and only if µ satisfies the conditions (q1) and (q2), respectively. , 1], the nonempty level t-subset U (µ; t) of µ satisfies the condition (b4) if and only if µ satisfies the condition (q3).
Proof. Suppose that the nonempty level t-subset U (µ; t) of µ satisfies the condition (b4) for all t ∈ ( 1−k 2
, 1]. Assume that there exist a, b ∈ S such that µ(aba) > max µ(a),
, 1 and aba ∈ U (µ; µ(aba)). But a / ∈ U (µ; µ(aba)), which is impossible. Therefore µ(xyx) ≤ max µ(x),
for all x, y ∈ S. Conversely, assume that µ satisfies the condition (q3). Let x, y ∈ S be such that xyx ∈ U (µ; t). Then µ(xyx) ≥ t, and thus max µ(x),
. Hence µ(x) ≥ t, i.e., x ∈ U (µ; t). Therefore U (µ; t) satisfies the condition (b4).
Combining Lemmas 3.1 and 3.2, we have the following theorem. Theorem 3.3. Let µ be a fuzzy subset of S. Then the following are equivalent:
(2) µ satisfies the three conditions (q1), (q2) and (q3).
If we take k = 0 in Theorem 3.3, then we have the following corollary.
Corollary 3.4. Let µ be a fuzzy subset of S. Then the following are equivalent:
(1) (∀t ∈ (0.5, 1]) (U (µ; t) = ∅ ⇒ U (µ; t) is a bi-filter of S) .
(2) µ satisfies the following assertions:
for all x, y ∈ S and t, t 1 , t 2 ∈ (0, 1].
An (∈, ∈ ∨ q k )-fuzzy bi-filter of S with k = 0 is called an (∈, ∈ ∨ q)-fuzzy bi-filter of S. Table 1 and order relation "≤":
Let µ be a fuzzy subset of S defined by
It is routine to verify that µ is an (∈, ∈ ∨ q 0.4 )-fuzzy bi-filter of S.
Lemma 3.7 ([6]
). For a fuzzy subset µ of S, the conditions (d1) and (d2) are equivalent to the following conditions, respectively:
(∀x, y ∈ S) µ(xy) ≥ min µ(x), µ(y),
Lemma 3.8. For a fuzzy subset µ of S, the condition (d3) is equivalent to the following condition:
Proof. Suppose that the condition (d3) is valid and assume that there exist a, b ∈ S such that µ(a) < min µ(aba),
and (aba) ta ∈ µ, but a ta ∈ µ. Also, µ(a) + t a < 2t a < 1 − k, that is, a ta q k µ. Hence a ta ∈ ∨ q k µ, a contradiction. Therefore µ(x) ≥ min µ(xyx),
for all x, y ∈ S. Conversely, let µ be a fuzzy subset of S that satisfies the condition (3.1). Let x, y ∈ S and t ∈ (0, 1] be such that (xyx) t ∈ µ. Then µ(xyx) ≥ t, which implies from (3.1) that
e., x t q k µ. Hence x t ∈ ∨ q k µ, and therefore the condition (d3) is valid.
Combining Lemmas 3.7 and 3.8, we obtain a characterization of an (∈, ∈ ∨ q k )-fuzzy bi-filter. Theorem 3.9. A fuzzy subset µ of S is an (∈, ∈ ∨ q k )-fuzzy bi-filter of S if and only if it satisfies:
If we take k = 0 in Theorem 3.9, then we have the following corollary. 
Obviously, every fuzzy bi-filter of S is an (∈, ∈ ∨ q k )-fuzzy bi-filter of S for some k ∈ (0, 1]. The following example shows that there exists k ∈ (0, 1] such that (i) µ is an (∈, ∈ ∨ q k )-fuzzy bi-filter of S.
(ii) µ is not a fuzzy bi-filter of S.
Example 3.11. The (∈, ∈ ∨ q 0.4 )-fuzzy bi-filter µ of S in Example 3.6 is not a fuzzy bi-filter of S since d ≤ e and µ(d) = 0.8 > 0.3 = µ(e), and so µ does not satisfy the condition (c1).
We give a condition for an (∈, ∈ ∨ q k )-fuzzy bi-filter to be a fuzzy bi-filter.
for all x ∈ S, then µ is a fuzzy bi-filter of S.
Proof. It is straightforward by Theorem 3.9.
Corollary 3.13. Let µ be an (∈, ∈ ∨ q)-fuzzy bi-filter of S. If µ(x) < 0.5 for all x ∈ S, then µ is a fuzzy bi-filter of S.
Proof. It follows from Theorem 3.12 by taking k = 0.
Theorem 3.14. Let S be an ordered semigroup. If 0 ≤ k < r < 1, then every (∈, ∈ ∨ q k )-fuzzy bi-filter is an (∈, ∈ ∨ q r )-fuzzy bi-filter.
Proof. Straightforward.
If 0 ≤ k < r < 1, then an (∈, ∈ ∨ q r )-fuzzy bi-filter may not be an (∈, ∈ ∨ q k )-fuzzy bi-filter. In fact, the (∈, ∈ ∨ q 0.4 )-fuzzy bi-filter µ of S in Example 3.6 is not an (∈, ∈ ∨ q 0.2 )-fuzzy bi-filter µ of S since d ≤ e and d 0.35 ∈ µ, but e 0.35 ∈ ∨ q 0.2 µ.
Lemma 3.15 ([6]).
A fuzzy subset µ of S satisfies the conditions (d1) and (d2) if and only if for every t ∈ 0,
the non-empty t-level subset U (µ; t) of µ satisfies the conditions (b1) and (b2), respectively. the non-empty t-level subset U (µ; t) of µ satisfies the condition (b4).
Proof. Assume that µ satisfies the condition (d3). Now let x, y ∈ S be such that xyx ∈ U (µ; t). Then µ(xyx) ≥ t, and so
by Lemma 3.8. Thus x ∈ U (µ; t) and therefore U (µ; t) satisfies the conditions (b4) for all t ∈ 0,
with U (µ; t) = ∅. Conversely, let µ be a fuzzy subset of S such that U (µ; t) is non-empty and satisfies the condition (b4) for all t ∈ 0,
for some a, b ∈ S. Then there exists t a ∈ (0,
. Hence (aba) ta ∈ µ and a ta ∈ µ. Also, µ(a) + t a < 2t a ≤ 1 − k, i.e., a ta q k µ. Thus a ta ∈ ∨ q k µ, a contradiction. Therefore µ(x) ≥ min µ(xyx),
for all x, y ∈ S. Using Lemma 3.8, we know that µ satisfies the condition (d3).
Combining Lemmas 3.15 and 3.16, we have a characterization of an (∈, ∈ ∨ q k )-fuzzy bi-filter. Theorem 3.17. For a fuzzy subset µ of S, the following are equivalent:
is a bi-filter of S) .
Taking k = 0 in Theorem 3.17 induces the following corollary.
Corollary 3.18. For a fuzzy subset µ of S, the following are equivalent:
(1) µ is an (∈, ∈ ∨ q)-fuzzy bi-filter of S.
(2) (∀t ∈ (0, 0.5]) (U (µ; t) = ∅ ⇒ U (µ; t) is a bi-filter of S) .
Theorem 3.19. For any bi-filter F of S, let µ be a fuzzy subset of S defined by
where t 1 ∈ 1−k 2 , 1 and t 2 ∈ 0,
. Then µ is an (∈, ∈ ∨ q k )-fuzzy bi-filter of S.
Proof. Note that
which is a bi-filter of S. It follows from Theorem 3.17 that µ is an (∈, ∈ ∨ q k )-fuzzy bi-filter of S.
Corollary 3.20 ([5]
). For any bi-filter F of S, let µ be a fuzzy subset of S defined by
4)
where t 1 ∈ [0.5, 1] and t 2 ∈ (0, 0.5) . Then µ is an (∈, ∈ ∨ q)-fuzzy bi-filter of S.
For any fuzzy subset µ of S and t ∈ (0, 1], we consider four subsets:
It is clear that [µ] t = U (µ; t) ∪ Q(µ; t) and [µ]
Lemma 3.21 ( [6] ). If µ satisfies the conditions (d1) and (d2), then for every t ∈ 1−k 2
, 1 the non-empty set Q k (µ; t) satisfies the conditions (b1) and (b2), respectively. , 1 the non-empty set Q k (µ; t) satisfies the condition (b4).
Proof. Assume that µ satisfies the condition (d3). Let x, y ∈ S be such that xyx ∈ Q k (µ; t). Then µ(xyx) + t > 1 − k, and so
Hence x ∈ Q k (µ; t). Therefore Q k (µ; t) satisfies the condition (b4).
Combining Lemmas 3.21 and 3.22, we obtain the following result.
Corollary 3.24. If µ is an (∈, ∈ ∨ q)-fuzzy bi-filter of S, then
]) (Q(µ; t) = ∅ ⇒ Q(µ; t) is a bi-filter of S) .
Corollary 3.25. Let µ be an (∈, ∈ ∨ q k )-fuzzy bi-filter of S. If 0 ≤ k < r < 1, then
, 1]) (Q r (µ; t) = ∅ ⇒ Q r (µ; t) is a bi-filter of S) .
Proof. It is straightforward by Theorems 3.14 and 3.23.
Lemma 3.26 ([6]).
A fuzzy subset µ of S satisfies the conditions (d1) and (d2) if and only if for every t ∈ (0, 1] the non-empty set [µ] k t satisfies the conditions (b1) and (b2), respectively. Proof. Assume that µ satisfies the condition (d3). Let x, y ∈ S be such that
We consider two cases: µ(xyx) ≤ . The first case implies from (3.5) that µ(x) ≥ µ(xyx). Thus if µ(xyx) ≥ t, then µ(x) ≥ t and so , then µ(x) ≥ t and hence
k t satisfies the condition (b4).
Combining Lemmas 3.26 and 3.27, we obtain a characterization of an (∈, ∈ ∨ q k )-fuzzy bi-filter. Theorem 3.28. For any fuzzy subset µ of S, the following are equivalent:
(1) µ is an (∈, ∈ ∨ q k )-fuzzy bi-filter of S.
Corollary 3.29. For any fuzzy subset µ of S, the following are equivalent:
(1) µ is an (∈, ∈ ∨ q)-fuzzy bi-filter of S, It is routine to verify that µ is an ( ∈ , ∈ ∨ q 0.2 )-fuzzy bi-filter of S.
Obviously, every fuzzy bi-filter of S is an ( ∈ , ∈∨q k )-fuzzy bi-filter of S for some k ∈ (0, 1]. Note that the ( ∈ , ∈ ∨ q 0.2 )-fuzzy bi-filter µ of S in Example 3.31 is not a fuzzy bi-filter of S since µ(c) = 0.1 < 0.3 = µ(b) = µ(cac). Thus we know that there exists k ∈ (0, 1] such that (i) µ is an ( ∈ , ∈ ∨ q k )-fuzzy bi-filter of S.
(ii) µ is not a fuzzy bi-filter of S. Theorem 3.32. Every ( ∈ , ∈ ∨ q k )-fuzzy bi-filter µ of S satisfies three conditions (q1), (q2) and (q3).
Proof. Assume that µ is an ( ∈ , ∈ ∨ q k )-fuzzy bi-filter of S. Let x, y ∈ S be such that x ≤ y. If max µ(y),
, 1 and y t ∈ µ. It follows from (d4) that x t ∈ ∨ q k µ. Since x t ∈ µ, we have x t q k µ, that is, µ(x) + t + k ≤ 1. Hence µ(x) + t + k = 2t + k ≤ 1, and so t ≤ . This is a contradiction. Therefore max µ(y),
Suppose that there exist a, b ∈ S such that max µ(ab),
. This is a contradiction. Similarly, the case b s q k µ induces a contradiction. Consequently, max µ(xy),
for all x, y ∈ S. If there exist a, b ∈ S such that max µ(a),
, 1 and a r ∈ µ. It follows from (d6) that (aba) r ∈ ∨ q k µ so from µ(aba) = r, that is, (aba) r ∈ µ that (aba) r q k µ. Hence µ(aba)+r +k = 2r +k ≤ 1, and so r ≤ . This is a contradiction. Thus max µ(x),
Theorem 3.33. If a fuzzy subset µ of S satisfies three conditions (q1), (q2) and (q3), then µ is an ( ∈ , ∈ ∨ q k )-fuzzy bi-filter of S.
Proof. Let µ be a fuzzy subset of S that satisfies three conditions (q1), (q2) and (q3). Let x, y ∈ S and t ∈ (0, 1] be such that x ≤ y and y t ∈ µ. Then
. This is a contradiction, and so x t ∈ ∨ q k µ. Let x, y ∈ S and t 1 , t 2 ∈ (0, 1] be such that (xy) min{t 1 ,t 2 } ∈ µ. Then µ(xy) < min{t 1 , t 2 }. If µ(xy) ≥ min{µ(x), µ(y)}, then min{µ(x), µ(y)} < min{t 1 , t 2 } and so µ(x) < t 1 or µ(y) < t 2 , i.e., x t 1 ∈ µ or y t 2 ∈ µ. Hence x t 1 ∈ ∨ q k µ or y t 2 ∈ ∨ q k µ. If µ(xy) < min{µ(x), µ(y)} then min{µ(x), µ(y)} ≤ max{µ(xy),
by (q2). Assume that x t 1 ∈ ∨ q k µ and
. This is a contradiction, and so x t 1 ∈ ∨ q k µ or y t 2 ∈ ∨ q k µ. Let x, y ∈ S and t ∈ (0, 1]
by (q3). Assume that (xyx) t ∈ ∨ q k µ. Then µ(xyx) ≥ t and µ(xyx)+t > 1−k. It follows that 2µ(xyx) ≥ µ(xyx)
. This is a contradiction, and so (xyx) t ∈ ∨ q k µ. Therefore µ is an ( ∈ , ∈ ∨ q k )-fuzzy bi-filter of S.
Combining Theorems 3.3, 3.32 and 3.33, we have characterizations of an ( ∈ , ∈ ∨ q k )-fuzzy bi-filter of S.
Theorem 3.34. For a fuzzy subset µ of S, the following are equivalent:
(2) µ satisfies three conditions (q1), (q2) and (q3).
Corollary 3.35. For a fuzzy subset µ of S, the following are equivalent:
(1) µ is an ( ∈ , ∈ ∨ q )-fuzzy bi-filter of S.
(2) µ satisfies three conditions:
2) (∀x, y ∈ S) (min{µ(x), µ(y)} ≤ max {µ(xy), 0.5}) .
For a fuzzy subset µ of X, we consider the following set: ], then µ is an (∈, ∈ ∨ q k )-fuzzy bi-filter of X. To discuss this question, we consider the following definition. (d7) (∀x, y ∈ S) (x ≤ y ⇒ max {µ(y), ε} ≥ min {µ(x), δ}) , (d8) (∀x, y ∈ S) (max {µ(xy), ε} ≥ min {µ(x), µ(y), δ}) .
(d9) (∀x, y ∈ S) (max {µ(x), ε} ≥ min {µ(xyx), δ}) .
Theorem 3.37 ([5]).
A fuzzy subset µ of S is a fuzzy bi-filter of S with thresholds ε and δ, where ε, δ ∈ [0, 1] with ε < δ, if and only if the nonempty t-level subset U (µ; t) of µ is a bi-filter of S for all t ∈ (ε, δ].
Note that every fuzzy bi-filter is a fuzzy bi-filter with some thresholds, but the converse may not be true. In fact, consider an ordered semigroup S which is appeared in Example 3.6, and let µ be a fuzzy subset of S defined by It is routine to verify that µ is a fuzzy bi-filter with thresholds ε = 0.3 and δ = 0.7. But it is not a fuzzy bi-filter of S since µ(a) = 0.7 < 0.9 = µ(d) = µ(ada).
The following example shows that there exist ε, δ ∈ (0, 1] with ε < δ such that µ is a fuzzy bi-filter with thresholds ε and δ which is neither an (∈, ∈ ∨ q k )-fuzzy bi-filter nor an ( ∈ , ∈ ∨ q k )-fuzzy bi-filter for some k.
Example 3.38. Consider a set S := {a, b, c, d, e} with the multiplication "·" (see Table 2 ) and order relation "≤": 
, (e, e)}.
Then (S, ·, ≤) is an ordered semigroup (see [9] ). It is routine to verify that ν is a fuzzy bi-filter of S with thresholds ε and δ where ε ∈ (0.5, 0.7] and δ ∈ (0.7, 0.9]. If we take k = 0.2 and t ∈ (0.4, 0.5], then U (µ; t) = {a, c, e} is not a bi-filter of S. Hence µ is not an ( ∈ , ∈ ∨ q 0.2 )-fuzzy bi-filter of S by Theorem 3.34. ] with ε < δ, then every (∈, ∈ ∨ q k )-fuzzy bi-filter µ of S is a fuzzy bi-filter of S with thresholds ε and δ.
Proof. Let ε, δ ∈ (0,
1−k 2
] with ε < δ, and assume that µ is an (∈, ∈ ∨ q k )-fuzzy bi-filter of S. Let x, y ∈ S be such that x ≤ y. Then µ(y) ≥ min µ(x), for all x, y ∈ S, respectively. This completes the proof.
Corollary 3.40. If ε, δ ∈ (0, 0.5] with ε < δ, then every (∈, ∈ ∨ q)-fuzzy bi-filter µ of S is a fuzzy bi-filter of S with thresholds ε and δ. , 1] with ε < δ, then every ( ∈ , ∈ ∨ q k )-fuzzy bi-filter µ of S is a fuzzy bi-filter of S with thresholds ε and δ.
Corollary 3.45. For any ε, δ ∈ (0, 1] with ε < δ, if µ is a fuzzy bi-filter of S with thresholds ε and δ, then (∀t ∈ (1 − δ, 1 − ε]) (Q(µ; t) = ∅ ⇒ Q(µ; t) is a bi-filter of S) .
Theorem 3.46. Let µ be a fuzzy subset of S and ε, δ ∈ (0, 1] with ε < δ. Then (1) µ is a fuzzy bi-filter of S if and only if µ is a fuzzy bi-filter of S with thresholds ε = 0 and δ = 1.
(2) µ is an (∈, ∈ ∨ q k )-fuzzy bi-filter of S if and only if µ is a fuzzy bi-filter of S with thresholds ε = 0 and δ = Proof. Straightforward.
Corollary 3.47. Let µ be a fuzzy subset of S and ε, δ ∈ (0, 1] with ε < δ. Then (1) µ is an (∈, ∈ ∨ q)-fuzzy bi-filter of S if and only if µ is a fuzzy bi-filter of S with thresholds ε = 0 and δ = 0.5.
(2) µ is an ( ∈ , ∈ ∨ q )-fuzzy bi-filter of S if and only if µ is a fuzzy bi-filter of S with thresholds ε = 0.5 and δ = 1.
